Using angular position-orbital angular momentum entangled photons, we propose an experiment to generate maximally entangled states of D-dimensional quantum systems, the so called qudits, by exploiting correlations of parametric down-converted photons. Angular diffraction masks containing N -slits in the arms of each twin photon define a qudit space of dimension N 2 , spanned by the alternative pathways of the photons. Due to phase-matching conditions, the twin photons will pass only by symmetrically opposite angular slits, generating maximally entangled states between these different paths, which can be detected by high-order two-photon interference fringes via coincidence counts. Numerical results for N angular slits with N = 2, 4, 5, 6, 10 are reported, corresponding to qudit Hilbert spaces of dimension D = N 2 = 4, 16, 25, 36, 100, respectively. We discuss relevant experimental parameters for an experimental implementation of the proposed scheme using Spatial Light Modulators (SLMs), and twin-photons produced by Spontaneouos Parametric Down Conversion (SPDC). The entanglement of the qudit state can be quantified in terms of the Concurrence, which can be expressed in terms of the visibility of the interference fringes, or by using Entanglement Witnesses. These results provide an additional means for preparing entangled quantum states in high-dimensions, a fundamental resource for quantum simulation and quantum information protocols.
I. INTRODUCTION
Twin photons produced by the non-linear process of spontaneous parametric down-conversion (SPDC) are entangled in several independent degrees of freedom including position and momentum, polarization, time and energy, or angular position and orbital angular momentum (OAM). Entanglement of the two photons in a given domain gives rise to two-photon coherence, which manifests itself as an interference effect in that particular domain. Two-photon interference has been observed in the temporal [2] [3] [4] [5] 7] and spatial [6, 8, 9] domains. These effects are used to test the foundations of quantum mechanics [10, 11, 13] and are central to many quantum information applications [12, 14, 16] .
Fourier relationship linking angular position and OAM leads to angular interference in the OAM-mode distribution of a photon when it passes through an angular aperture, resulting in two-photon interference in the angular domain [15, 17-20, 22, 23] . In this article, we study high-dimensional angular two-photon interference in a scheme in which entangled photons produced by SPDC are made to pass through multiple angular apertures in the form of N angular slits, which results in path entanglement in a space of dimension D = N 2 , the so called qudits. Using this scheme, it is possible to demonstrate an entangled qudit state that is based on the angular-position correlations of down-converted photons. Entangled two-qubit states are * Correspondence email address: gpuentes@df.uba.ar the necessary ingredients for many quantum information protocols [12, 14, 16] , and they have previously been realized by exploring the correlations of entangled photons in variables including polarization [21] , time bin [5, 7] , frequency [26] , position [8, 9] , transverse momentum [24, 25] , and OAM [19, 22, 23] . To date, angular-position correlations of twin photons have only been demonstrated for N = 2 angular slits [56] , which represent a two-qubit system. The results presented here extended this notion to an arbitrary number of angular slits N , which not only demonstrates two-photon coherence effects in the angular domain but also provide an additional means for preparing entangled quantum states in a high dimensional space (qudits), which is a fundamental resource for quantum information protocols.
The article is organized as follows, in Section I, we present an introduction to the problem and the analytical tools for characterizing high-dimensional interference effects in the angular position-OAM domain. Second, in Section II, we present a graphical representation of typical density matrices of pure maximally entangled states for N = 2, 4, 5, 10, corresponding to qudits systems of dimension D = N 2 = 4, 16, 25, 100, and we numerically reproduce the results obtained by Kumar et al., PRL 2010 [56] for the case N = 2. In Section III, we present numerical results for multipath interference effects for N = 6 angular slits, corresponding to qudits systems of dimension D = N 2 = 36, and for the case of an asymmetric configuration of angular slits N = 6 and M = 3, resulting in mixed states in a Hilbert space of dimension D = 18 . Next, in Section IV we briefly introduce a scheme based on Entanglement Witnesses to estimate a lower bound on the entanglement content of angular qudits, using the Logarithmic Negativity as a measure of entanglement. In Section V, we discuss the requirements for an experimental implementation of this proposal, and we provide an estimation of the largest qudit space that can in principle be implemented with this approach using state-of-the-art Spatial Light Modulators. Finally, in Section VI we present our conclusions.
Let us consider the experimental setup described in Fig. 1(a) . In the simplest scenario, a Gaussian pump beam produces signal (s) and idler (i) photons, by type-I degenerate spontaneous parametric down conversion (SPDC) with non-collinear phase-matching. For a pump beam with zero OAM (l = 0), phase matching conditions imply that the two-photon down-converted state |ψ sl is given by [56] :
where s and i stand for signal and idler photons, respectively, and |l represents an OAM eigen-mode of order l, associated with and azymuthal phase of the form e ilφ . |c l | 2 represent the probability of generating signal and idler photon in the OAM mode of order l, where normalization condition imposes +∞ l=−∞ |c l | 2 = 1. The width of this mode probability distribution is referred to as the spiral bandwidth of the two-photon field [56] . Signal and idler photons are made to pass through N angular slits, as shown in Fig. 1(a) , placed in the image planes of the crystal. The amplitude transmission functions A j,n of the individual angular slits are given by:
where j = (s, i) is the label for signal and idler, and n = 0, ..., N −1 is the angular slit label. Note that for the simplest scenario N = 2 slits, we recover the results presented in Kumar et al. PRL 2010 [56] . Therefore, there are in principle N 2 alternative pathways, represented by the two-photon path diagrams described in Fig. 1(b) , by which the down-converted photons can pass through the apertures and get detected in coincidence at singlephoton avalanche detectors D s and D i . The N 2 alternative paths here labelled by the index q = 1, ..., N 2 , can be expressed as the tensorial product of the subspaces corresponding to each photon (s, i) passing through the slits n = 0, ..., N − 1, respectively, in the form:
Due to the strong correlation between the position of the two photons in the image plane of the crystal, only paths of the form |i, n |s, n will have a significant contribution [56] . Therefore, the two-photon state is approximately in a pure maximally entangled state of the form |ψ n = N −1 n=0 √ ρ nn |i, n |s, n . The density matrix of the qudit state can be expressed in the following form:
ρ nm |s, n |i, n s, m| i, m|,
where the subindices (n = 0, ..N − 1) and (m = 0, .., N −1) label the angular slits for each photon, and the normalization condition imposes Tr[ρ] = N −1 n=0 ρ nn = 1. The off-diagonal terms ρ nm are complex numbers and can be conveniently expressed as ρ nm = √ ρ nn ρ mm µe iθ , where µ is the degree of coherence and θ is the argument of the coefficient ρ nm . Due to Hermiticity of the density matrix, we have ρ nm = ρ * mn . We can write the density matrixρ in the OAM basis by taking the Fourier transform of the amplitude transmissions for the angular slits A j,n , where (j = s, i) is the photon label and (n = 0, .., N − 1) the slit index, as expressed in Eq. (2) . For a given path n, the two-photon state in the OAM mode basis can be expressed as [56] :
where C is the normalization factor to ensure |ψ n | 2 = Tr[ρ] = 1. We evaluate |s, n |i, n by substituting the expressions for A j,n (φ j ). Using the expression for the Fourier transform of the angular amplitude transmission:
where sinc(x) = sin(x)
x . The coincidence count rate R s,i of detectors D i and D s , which consists of the probability that a photon is detected at detector D s in mode |l s , and another photon is detected at detector D i in mode |l i , is given by R si = l i | i l s | sρ |l s s |l i i . Using Eq.(2), Eq. (4) and Eq. (5) we find:
For the case of two angular slits (N = 2), we recover the expression presented in Kumar et al. PRL 2010. In our notation, the two-slit basis results in {|s, 0 |i, 0 , |s, 0 |i, 1 , |s, 1 |i, 0 , |s, 1 |i, 1 }. In this case, the coincidence count rate can be written as:
with Tr[ρ] = ρ 00 + ρ 11 = 1, ρ 01 = √ ρ 00 ρ 11 µe iθ , and
The diffraction due to the angular apertures α is described by the diffraction envelopes of the form | l=L l=−L c l sinc((l s − l)α/2)sinc((l i + l)α/2)| 2 . On the other hand, the multi-path interference term only depends on the separation between slits β, and is given by the multiple interference term:
By measuring such high order interference fringes, via coincidence detection, we can demonstrate entanglement in a high-dimensional space of dimension D = N 2 .
The visibility V of the interference pattern is quantified by the off-diagonal terms:
.
For a two qubit system (N = 2), the entanglement can be characterized in terms of the Concurrence [31] , given by
Pauli matrix. For the density matrix in Eq. (4), the Concurrence results equal to the visibility (V) of the angular two-photon interference fringes C = V = 2 √ ρ nn ρ mm µ.
For the multi-path interference case (N > 2), the entanglement content can be estimated using Logarithmic Negativity, via an Entanglement Witness protocol, as discussed in Section 4.
A. Asymmetric slit number (N = M )
We now consider the more general case of an asymmetric number of slits N and M for signal and idler, respectively. For perfectly phase-matched down-converted photons, spatial correlations in the plane of the crystal determine that signal and idler can only go through opposite slits, and the state of the two photons is a pure maximally entangled state of the form |ψ n = N n=0 √ ρ nn |s, n |i, n .
However, if the photons are not maximally entangled due to imperfect phase matching, signal and idler can go through asymmetric slits N and M , and the possible pathways will take the general form |s, n |i, m .
In the OAM representation, the asymmetric pathways for signal (s) and idler (i) result in:
The two-photon state will be in mixed state of the general form:
ρ nm,n m |s, n |i, m s, n | i, m |, (12) with normalization condition Tr[ρ] = 1, and Hermiticity conditionρ =ρ † .
Using these equations we can derive an expression for the Coincidence Count Rate for mixed states (asymmetric case N = M ), of the form:
Note that for the symmetric case m = n and n = m we recover the expression obtained for the case N = M (Eq. (7)).
II. NUMERICAL RESULTS

A. Density matrix graphical representation
In this Section we present numerical results for the analytical model developed previously. First, we performed graphical representations of the density matrix operatorρ in the reduced pathway basis. We note that, the pathway bases {|s, n |i, n } for pure maximally entangled states of the form |ψ n = N −1 n=0 √ ρ nn |s, n |i, n are not complete, as they contains only N elements as opposed to N 2 . The advantage being that by plotting in this reduced basis we represents only density matrix elements different from zero. Therefore density matrices of pure maximally entangled states represented in the pathway basis contain only N × N elements. More specific, the diagonal elements satisfy ρ nn = 1 N due to normalization condition, and the off-diagonal elements result in ρ nm = V N e iθ , where V is the visibility of the interference pattern, and is equal to unity V = 1 for maximally entangled states. As reported in Ref. [56] , the standard technique to obtain the diagonal elements of the density matrix is via Coincidence Counts. On the other hand, aside from the relative phase θ, off-diagonal elements are obtained from the visibility of the interference patterns (see Ref. [56] and References therein, for further details on standard measurement schemes).
In Figure 2 to Figure 5 , we display a graphical representation of density matricesρ for pure maximally entangled states with visibility V = 1, for different phase parameters θ = 0 and θ = π/4 in the pathway basis {|s, n |i, n }, labeled by the indices (n, m) with (n = 0, .., N − 1) and (m = 0, ..., N − 1), for a symmetric configuration of slits of dimensions N = 2, 4, 5, 10, respectively. Re[ρ] is displayed on the left column and Im[ρ] is presented on the right column. Figures 2(a) and 2(b) (N = 2), correspond to diagonal elements ρ nn = 1/N and off-diagonal elements ρ nm = V N e iθ , with V = 1 and θ = 0, respectively. Figure 2 
B. Angular Interference for N = 2 angular slits
As a starting point, we reproduce the results reported in Kumar et al. PRL2010 [56] , for N = 2 angular slits, resulting in N 2 = 4 alternative pathways. The interference between the alternative paths manifests itself in the periodic dependence of the Coincidence Count Rate R si , on the angular separation β and on the sum of OAMs l. We consider l i = −2, 0, 2, α = π/10, β = π/4, π/6, π/2, π, and a reported visibility V = 0.875 [56] . In Figure 6 , we present a numerical simulation of Coincidence Count Rate R si , given by Eq. (7) for α = π/10, β = π/4 and L = 10. The width of the diffraction envelope increases as the angular aperture α decreases, since angular position and OAM are Fourier related [17, 18] . Therefore the uncertainty in OAM (∆l) increases as the uncertainty in angular position (∆φ) decreases. Figure 6 (a) and (b) correspond to l i = 2 and l s = −2, respectively. Due to correlations in OAM of twin photons, the interference pattern is peaked at l s = −l i . In Figure 6 (c) to 6(f), we present Coincidence Count Rates R si given by Eq. (7), as a function of l s for l i = 0, and different values of slit separation β. We consider N = 2, α = π/10, and a reported visibility V = 0.875. More specific, Fig. 6 (c) β = π/6, Fig. 6(d As expected the period of the interference pattern decreases as β increases (see Eq.(7) for details). Our numerical results fully reproduce the experimental results reported in Ref [56] . order interference fringes, as described by Coincidence Count Rates (R si ) given by Eq. (7), can demonstrate path entanglement in high dimensions. We simulated such multi-path interference fringes case, for the cases N = 4, 6, 10, and l i = 0, 2, −2. We consider α = π/10, β = π/4, π/7, π/11, π/14 and V = 0.875. In all cases the parameters chosen satisfy the condition N (α + β) ≤ 2π. The multi-path interference effect is characterized by periodic interference patters, where the characteristic period decreases with β. Due to limited space and visual clarity, we only display results for the case N = 6. ( Eq. (7) ) for different values of l i , and slit separation β, considering α = π/10, a visibility V = 0.875, and N = 6 angular slits, corresponding to a pathway dimension D = 36. Figure 8 Finally, Figure 8 displays interference fringes as a function of l s , for l i = 0, α = π/10, for the generic case of asymmetric slit number (N = M ), which can produced mixed pathway entangled states (Eq. (11)), with Coincidence Count Rates given by Eq. (13) , such mixed states could be implemented via imperfect phase matching, with coherence characterized by a visibility V . Obviously, for a fully incoherent source, the Coincidence Count Rate should be zero. We consider N = 6 and M = 3 angular slits, V = 0.875 and different slit separations β. Such interference effects are a signature of mixed path entanglement in a D-dimensional space spanned by different path alternatives of dimension D = N ×M = 18. Figure 9 (a) β = π/4, Figure 9 (b) β = π/7. As expected the period of the interference pattern decreases as β increases (see Eq. (13) for details). For lower visibility, the number of coincidence counts decreases, but the shape of the interference pattern remains the same.
III. ENTANGLEMENT WITNESSES
For the case of N = 2 angular slits, the entanglement content can be easily quantified via the Concurrence, in terms of the visibility (V ) of the interference pattern. For larger spaces (N > 2), the amount of entanglement 13) for mixed states as a function of ls, for li = 0, α = π/10, V = 0.875, N = 6 and M = 3 angular slits (see text for details). We consider different slit separations (a) β = π/4, (b) β = π/7. Such interference effects are a signature of mixed-state path entanglement in a D-dimensional space spanned by the different path alternatives of dimension D = N × M = 18. As expected the period of the interference pattern decreases as β increases (see Eq. 13 for details).
can be estimated via an Entanglement Witness. The advantage of the Entanglement Witness approach being that it does not require full tomographic reconstruction of the density matrix, a resource-demanding task, specially for high-dimensional systems. To this end, we are seeking the amount of entanglement in the least entangled physical state compatible with an incomplete set of measurement results. Mathematically, this problem can be presented as
where E is an entanglement measure, and M i are the measurements operators, typically described by a Positive Operator Valued Measurement (POVM), with measurement data m i . Additional constraints are required forρ to be a density matrix, i.e., positive definite, and normalization constraint Tr(ρ) = 1, are also imposed. Depending on the measure of entanglement, and the measurements M i chosen, the minimization in Eq. (14) can even be accomplished analytically, generically that is not the case. Here, we present a protocol based on Refs. [36, 37] that allows this problem to be cast as a semi-definite program when the entanglement measure is the Logarithmic Negativity [40] .
Logarithmic Negativity is defined as the logarithm of the 1-norm of the partial transposed density matrix ρ T1
1 . The 1-norm can be expressed as [43] ρ T1
Tr(H T1ρ ), (15) with the maximization condition over all Hermitian operators H, here . ∞ denotes the standard matrix operator norm, namely the largest singular value of the matrix. Using the monotonicity of the logarithm, the minimization in Eq. (14) can be rewritten as
This equality allows us to interchange the maximization and the minimization, leading to
For any real numbers {ν i } for which
clearly the lower bound on this equation
holds true for statesρ. Thus we get
Note that, at this point, the stateρ drops out of contention now. Since the inner minimization in Eq. which can be solved relatively easily using standard convex optimization approaches, once the measurement operators M i are selected. Since these measurement operators are to be local, the typical form of the measurement, in the case of bipartite states, such as for signal (s and idler photons), is
The problem is thus reduced to the construction of the local operators Π s,i j . In passing, we state that the choice of these measurement operators can also be cast as a convex optimization problem, although it is more challenging to incorporate the locality constraint into its framework. For the case a bipartite state given by Eq. (1), it is apparent that the natural set of operators Π s,i j are projectors in the OAM basis, of the form:
This idea gives useful and practically tight bounds to the entanglement content, without assuming any prior knowledge about the state, or its properties, such as its purity. If the set of expectation values {Tr(M nρ )} is tomographically complete, obviously, the bound gives the exact value, but in practice, a much smaller number of measurements is sufficient to arrive at good bounds. Data of expectation values can be composed, that is if two sets of expectation values are combined, the resulting bound can only become better, to the extent that two sets that only give rise to trivial bounds can provide tight bounds. The approach presented here is suitable for any finite-dimensional system, as long as the observables M i are bounded operators.
IV. EXPERIMENTAL IMPLEMENTATION
The proposed experiment to demonstrate highdimensional interference and entanglement using N angular slits is depicted in Figure 1(a) , and it is based on the experimental setup described in Refs. [20, 56] . In this setup, the pump is a frequency-tripled, mode-locked, Nd-YAG laser with a pulse repetition frequency of 100 MHz at 355 nm. SLM denotes a state-of-the-art Spatial Light Modulator, SMF a single mode fiber, and F an interference filter with 10-nm bandwidth, centered at 710 nm. A 400 µm diameter Gaussian pump beam is normally incident on a 3-mm-long crystal of beta barium borate (BBO), phase matched for frequency degenerate type-I down-conversion with a typical semi-cone angle of the down-converted beams of 3.5 degrees. For the given pump beam and phase-matching parameters, the conservation of OAM is strictly obeyed in the down-conversion process [56] . The main novel ingredient in the setup is given by the angular masks containing N angular slits.
Anuglar aperture masks are placed in the path of signal and idler down-converted photons, produced by a pump beam with a Gaussian profile with zero OAM (l = 0), as depicted in Figure 1(c) . The generated OAM spectrum transmitted through the angular apertures is analyzed in terms of transmitted spiral harmonics, typically over a range from l = −12 to l = 12. Standard Spatial Light Modulators (SLMs) are used both for preparing the state via the angular apertures, and for analysing the resulting modes [20] (Figure 1(c) ). As it is well known in the literature [20] , SLMs are programmable refractive elements, which enable full control of the amplitudes of the diffracted beams. In the standard technique, if the index of the analysis l-forked hologram is opposite to that of the incoming mode, planar wave-fronts with on-axis intensity are generated in the first difffraction order. The on-axis intensity can be coupled to single-mode fibers with high efficiency, and can be measured with single-photon detectors D s,i , using a coincidence count circuit (see Figure 1 (a) for details).
The maximum number of angular slits N -and possible paths D = N 2 -that can be implemented in a setup as described in Fig. 1(a) , will be determined by the resolution of the Spatial Light Modulators. For a state-of-the-art modulator, with a diameter consisting of D = 2643 pixels, and a pixel size d = 3.74µm, the smallest angular slit aperture (α) that can be implemented corresponds to α/2 = arctan[2d/D], which is approximately α = π/2000. For α = β = π/2000, the maximum number of angular slits N results N = 2π/(α + β) = 2000, therefore the highest dimension of the qudit space that can be implemented becomes D = N 2 = 4000000, which is several orders of magnitude higher than the largest Hilbert space ever realized with photons, cold atoms, or cold ions.
V. DISCUSSION
Higher dimensional entangled states are a fundamental resource both from the foundations of quantum mechanics perspective and for the development of new protocols in quantum communication. Maximally entangled states of bipartite quantum systems in an N-dimensional Hilbert space, the so called qudits, can introduce higher violations of local realism than qubits [45] , and can prove more resilent to noise than qubits [44, 45] . In quantum cryptography [47] , or other quantum information protocols [57] [58] [59] [60] [61] [62] , use of entangled qutrits (N = 3) [46, 49] or qudits [48, 50] instead of qubits is more secure against attacks. Moreover, it is known that quantum protocols work best for maximally entangled states. These facts motivate the development of techniques to generate maximally entangled states in higher dimensional Hilbert spaces. Entangled qutrits with two photons using an un-balanced 3-arm fiber optic interferometer [53] has been demonstrated. Time-bin entangled qudits up to D = 11 from pump pulses generated by a mode-locked laser has also been reported [54] . Here we report a protocol that can produce entangled qudits, based on angular diffraction, with a maximal dimension D = 4000000, only limited by the resolution of the Spatial Light Modulators.
